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a b s t r a c t
LetG be a graphwith vertex set V (G). A spanning subgraph F ofG is called a [k, k+1]-factor
if k ≤ dF (x) ≤ k+1 for every x ∈ V (F). F is called a connected factor of G if F is connected.
In this work we present a sufficient condition for the existence of connected [k, k + 1]-
factors in graphs. The condition involves the stability number and degree conditions of
graph G.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The graphs considered in this workwill be simple graphs. Let G be a graphwith vertex set V (G) and edge set E(G). Denote
by dG(x) the degree of a vertex x in G. Let g and f be two integer-valued functions defined on V (G) such that 0 ≤ g(x) ≤ f (x)
for all x ∈ V (G). Then a (g, f )-factor of G is a spanning subgraph F of G satisfying g(x) ≤ dF (x) ≤ f (x) for all x ∈ V (G).
If g(x) = k and f (x) = k + 1 for all x ∈ V (G), then a (g, f )-factor is called a [k, k + 1]-factor. If f (x) = g(x) = k for
all x ∈ V (G), then a (g, f )-factor is called a k-factor. An almost k−-factor is defined to be a factor that every vertex has
degree k except at most one with degree k − 1. A factor F of G is called a connected factor if F is connected. For A ⊆ V (G),
denote by NG(A) the set of neighbors in G of vertices in A. If A and B are disjoint subsets of V (G), then eG(A, B) denotes
the number of edges that join a vertex in A and a vertex in B. If A = {x}, then eG(x, B) denotes the number of edges
that join x and a vertex in B. The number of connected components of G is denoted by ω(G). For a subset S of V (G), we
denote by G − S the subgraph obtained from G by deleting the vertices in S together with edges incident with vertices
in S. Let S, T ⊆ V (G) and S ∩ T = ∅. If C is a component of G − (S ∪ T ) such that f (x) = g(x) for all x ∈ V (C) and∑
x∈V (C) f (x) + eG(C, T ) ≡ 1 (mod 2), then we say that C is an odd component of G − (S ∪ T ) and we denote by h(S, T )
the number of odd components of G − (S ∪ T ). In the following we write f (W ) = ∑x∈W f (x) and f (∅) = 0 for any
W ⊆ V (G). In particular, we set dG−S(T ) = ∑x∈T dG−S(x) for S, T ⊆ V (G) and S ∩ T = ∅. For convenience, we write
δ(S, T ) = f (S)+dG−S(T )−f (T )−h(S, T ).We also setNG[A] = NG(A)∪A. Notation anddefinitions not givenhere can be found
in [1].
Many authors have investigated (g, f )-factors, f -factors and connected factors [2–5]. There is a well-known necessary
and sufficient condition for a graph G to have an f -factor which was given by Tutte.
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Theorem A ([5]). (1) A graph G has an f -factor if and only if
δ(S, T ) = f (S)+ dG−S(T )− f (T )− h(S, T ) ≥ 0
for any disjoint subsets S and T of V (G), where h(S, T ) denotes the number of odd components of G− (S ∪ T ).
(2) δ(S, T ) ≡ f (V (G)) (mod 2).
L. Lovász gave the following necessary and sufficient condition for a graph G to have (g, f )-factors.
Theorem B ([4]). Let G be a graph and g and f be two integer-valued functions defined on V (G) such that g(x) ≤ f (x) for all
x ∈ V (G). Then G has a (g, f )-factor if and only if for all disjoint subsets S and T of V (G)
δ(S, T ) = f (S)− g(T )+ dG−S(T )− h(S, T ) ≥ 0,
where h(S, T ) denotes the number of odd components of G− (S ∪ T ).
In [6], we gave a sufficient condition for the existence of an f -factor in a K1,n-free graph in terms of its stability number
and minimum degree δ, where a ≤ f (x) ≤ b for every vertex x ∈ V (G). The following theorem is the main result in [6].
Theorem C ([6]). Let G be an K1,n-free graph and let f be a nonnegative integer-valued function defined on V (G) such that
1 ≤ n − 1 ≤ a ≤ f (x) ≤ b for every x ∈ V (G). If f (V (G)) is even, δ(G) ≥ b + n − 2, and α(G) ≤ 4a(δ−b−n+2)
(b+1)2(n−1) , then G has an
f -factor.
M. Cai gave the following result concerning the degree condition and the existence of [k, k+ 1]-factor.
Theorem D ([7]). Let k ≥ 3 be an integer and G be a connected graph of order n with n ≥ 4k− 3, and minimum degree at least
k. If for each pair of nonadjacent vertices u, v in G
max{dG(u), dG(v)} ≥ n2 ,
then G has an almost k−-factor F and amatching M such that F andM are edge-disjoint and F+M is a connected [k, k+1]-factor.
The following result is essential to the proof of our main theorem.
Theorem E ([8]). Let G be a graph, and g and f be two integer-valued functions defined on V (G) such that g(x) ≤ f (x) for all
x ∈ V (G). If G has both a (g, f )-factor and a Hamilton path, then G contains a connected (g, f + 1)-factor.
The following theorem is our main result in this work which shows the connection between stability number of G and the
existence of connected [k, k+ 1]-factor.
Theorem 1. Let G be a 2-connected graph of order n and let k ≥ 2 be a positive integer such that n ≥ 3k − 1 and kn is even.
Suppose that α(G) ≤ 4k(δ−k)
(k+1)2 , δ(G) ≥ n+13 , and for each pair of nonadjacent vertices u, v in G
max{d(u), d(v)} ≥ n− k
2
.
Then G has a connected [k, k+ 1]-factor.
Remark 1. In Theorem1, ifα(G) = 0, thenG is a empty graph. This case is trivial.Whenα(G) = 1, from n ≥ 3k−1we know
that G is a complete graph. Obviously G has a connected [k, k+ 1]-factor. Hence we suppose that α(G) ≥ 2 in the following.
We claim that the upper bound on the stability number condition (α(G) ≤ 4k(δ−k)
(k+1)2 ) is best possible in the following sense.
We cannot replace α(G) ≤ 4k(δ−k)
(k+1)2 by α(G) ≤ 4k(δ−k)(k+1)2 + 1 in Theorem 1, which is shown by the following example.
Let a = b 4k(δ−k)
(k+1)2 c. Then a ≥ 2. We set G1 = K2 and G2 =
⋃a+1
i=1 K
i
k, where K
i
k is a complete graph with k vertices
(1 ≤ i ≤ a + 1). Then let G = G1 + G2 be the join of G1 and G2. So we have α(G) = a + 1 ≤ 4k(δ−k)(k+1)2 + 1. Thus, if we take
S = V (G1), and T = V (G2), then
δ(S, T ) = (k+ 1)|S| +
∑
x∈T
dG−S(x)− k|T |
= 2k+ 2+ (a+ 1)k(k− 1)− kk(a+ 1)
= (2− a− 1)k+ 2.
Therefore, if a ≥ 3 or k ≥ 3, then δ(S, T ) < 0. By Theorem B, G has no [k, k+ 1]-factors. So G has no connected [k, k+ 1]-
factors. Hence, our condition is best possible in this sense.
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2. Proof of Theorem 1
Let G be a graph satisfying the hypothesis of Theorem 1. Then by Theorem E, to prove Theorem 1, we only need to prove
that G has a Hamiltonian path as well as a k-factor. Hence in the following we shall prove that G has a k-factor at first. We
prove this by contradiction. Suppose that G has no k-factors. Then δ(S, T ) < 0 for some disjoint subsets S and T of V (G) by
Theorem A. We take S and T such that δ(S, T ) < 0 and |S ∪ T | is maximal subject to δ(S, T ) < 0. We need the following
lemmas.
Lemma 1 ([9]). Let G be a graph of order n and let k be an integer such that kn is even. If there is a pair (S, T ) of disjoint subsets
of V (G)with δ(S, T ) < 0, and |S ∪ T | is maximal subject to δ(S, T ) < 0, then each component of G− (S ∪ T ) has at least three
vertices.
Lemma 2 ([10]). Let G be a 2-connected graph on n vertices withmax{d(u), d(v)} ≥ n−k2 for each pair of nonadjacent vertices
u, v in G. If G has a k-factor, then G is Hamiltonian.
For convenience, we set U = G− (S ∪ T ) and denote by ω(U) the number of components of G− (S ∪ T ).
We are to show that δ(S, T ) ≥ 0. Since we suppose that δ(S, T ) < 0 and kn is even, by (2) of Theorem A,
k|S| − k|T | + dG−S(T )− ω ≤ −2. (1)
where ω denotes the number of components of G− (S ∪ T ).
Let s = |S| and t = |T |; it is clear that
ω ≤ n− s− t. (2)
Letm denote the minimum order of components of G− (S ∪ T ). Then
m ≤ n− s− t
ω
. (3)
and
δ(G) ≤ m− 1+ s+ t. (4)
Now we show that the following two claims hold.
Claim 1. T 6= ∅. Otherwise T = ∅.
Case 1. S = ∅; since G is connected and δ(S, T ) < 0, we know that h(S, T ) = 1. Therefore kn is odd according to (2) of
Theorem A. This contradicts the assumption that kn is even.
Case 2. S 6= ∅; since T = ∅, by (1) and (2) we have
ks+ 2 ≤ ω ≤ n− s. (5)
By the assumption of Theorem 1, (3)–(5), we have
n+ 1
3
≤ δ(G) ≤ m− 1+ s ≤ n− s
ks+ 2 − 1+ s.
Since n− 2− ks− s ≥ 0 by (5) and S 6= ∅, this implies
n+ 1
3
≤ n+ ks
2 + s− ks− 2
ks+ 2
= n− 2
k+ 1 −
(n− 2− ks− s)(ks− k+ 1)
(k+ 1)(ks+ 2)
≤ n− 2
k+ 1 .
Then we obtain n+13 ≤ n−2k+1 . This is a contradiction since k ≥ 2. Therefore T 6= ∅.
Now since T 6= ∅, letting h = min{dG−S(x) | x ∈ T }, then obviously
δ(G) ≤ h+ s. (6)
Claim 2. h ≤ k.
Otherwise h > k; then by (1) we have
ks+ (h− k)t − ω ≤ −2
and so
ω ≥ ks+ t + 2 ≥ s+ t + 2. (7)
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Then ω ≥ 3 from (7) and T 6= ∅. Sincem ≥ 3 from Lemma 1, by (4) and (7) we have
δ(G) ≤ m− 1+ s+ t ≤ m+ ω − 3
≤ m+ ω − 3+ 1
3
(m− 3)(ω − 3)
= mω
3
≤ n
3
.
This contradicts the assumption of Theorem 1(δ(G) ≥ n+13 ). Thus we have h ≤ k.
We take x1 ∈ T such that x1 is the vertex with the least degree in G[T ]. Let N1 = NG[x1] ∩ T and T1 = T . For i ≥ 2, if
T −⋃j<i Nj 6= ∅, let Ti = T −⋃j<i Nj. Then take xi ∈ Ti such that xi is the vertex with the least degree in G[Ti], and set
Ni = NG[xi] ∩ Ti. We continue this procedure until we reach the situation in which Ti = ∅ for some i, say for i = l+ 1. Then
from the above definition we know that x1, x2, . . . , xl is an independent set of G. Since T 6= ∅, we have l ≥ 1.
Let |Ni| = ni. From the definition of Ni, we can get the following properties:
α(G[T ]) ≥ l,
|T | =
∑
1≤i≤l
ni, (8)
∑
1≤i≤l
(∑
x∈Ni
dTi(x)
)
≥
∑
1≤i≤l
(n2i − ni). (9)
It is easy to see that
dG−S(T ) ≥
∑
1≤i≤l
(n2i − ni)+
∑
1≤i<j≤l
eG(Ni,Nj)+ eG(T ,U). (10)
Let κ(G− S) = r; we have
eG
(
Ni,
⋃
j6=i
Nj
)
+ eG(Ni,U) ≥ r
for each Ni(1 ≤ i ≤ l). Summing up these inequalities for all i (1 ≤ i ≤ l), we have∑
1≤i≤l
(
eG
(
Ni,
⋃
j6=i
Nj
)
+ eG(Ni,U)
)
= 2
∑
1≤i<j≤l
eG(Ni,Nj)+ eG(T ,U) ≥ lr. (11)
By the results of (10) and (11), the following inequality can be obtained:
dG−S(T ) ≥
∑
1≤i≤l
(ni(ni − 1))+ (lr + eG(T ,U))/2. (12)
Obviously, ni(ni − k− 1) ≥ −(k+ 1)2/4. From (1), (12), inequalities ni(ni − k− 1) ≥ −(k+ 1)2/4 and h(S, T ) ≤ ω(U),
we get
−2 ≥ δ(S, T ) = k|S| + dG−S(T )− k|T | − h(S, T )
≥ k|S| +
∑
1≤i≤l
(ni(ni − k− 1))+ (lr + eG(T ,U))/2− ω(U)
≥ k|S| − (k+ 1)2l/4+ (lr + eG(T ,U))/2− ω(U).
We now estimate eG(T ,U). First note that T 6= ∅. This implies that eG(Ci, T ) ≥ r for all components Ci of U . Moreover,
by Lemma 1, for the Ci that satisfy the condition Ci ⊆ NG(x1, x2, . . . , xl), we have eG(Ci, T ) ≥ 2. Let us denote by c
the number of Ci that satisfy the condition Ci ⊆ NG(x1, x2, . . . , xl) and by d the number of Cj that satisfy the condition
Cj 6⊆ NG(x1, x2, . . . , xl). Since every component satisfying Cj 6⊆ NG(x1, x2, . . . , xk) has at least one vertex nonadjacent to the
vertex of G[T ], then we have
eG(T ,U) ≥ 2c + rd. (13)
So
ω(U) = c + d, (14)
and
α(G) ≥ l+ d. (15)
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Since δ(G) ≤ s+ h, we know that
s ≥ δ(G)− h. (16)
From (13), (14), and (16), we get
−2 ≥ δ(S, T ) ≥ k|S| − (k+ 1)2l/4+ (lr + eG(T ,U))/2− ω(U)
≥ k(δ(G)− h)− (k+ 1)2l/4− d+ (l+ d)r/2
≥ k(δ(G)− h)− (k+ 1)2(l+ d)/4+ (l+ d)r/2.
Since δ(G) ≥ k (since n ≥ 3k − 1 and δ(G) ≥ n+13 ) and k ≥ h by claim 2, δ(G) − h ≥ 0. Then by δ(S, T ) < 0, we know
that (l+ d)r/2− (k+ 1)2(l+ d)/4 is negative. We replace (l+ d) by 4k(δ−k)
(k+1)2 (≥ α(G)), to get
δ(S, T ) ≥ k(δ − h)− k(δ − k)+ 2k(δ − k)
(k+ 1)2 r.
Since h ≤ k by claim 2, and δ ≥ k, we have
−2 ≥ δ(S, T ) ≥ k(δ − h)− k(δ − k)+ 2k(δ − k)
(k+ 1)2 r ≥ 0.
Thus we get a contradiction and conclude that G has a k-factor. Since G is a 2-connected graph and
max{d(u), d(v)} ≥ n− k
2
for each pair of nonadjacent vertices u, v in G, by Lemma 2 we know that G has a Hamiltonian cycle. Therefore, according to
Theorem E, graph G has a connected [k, k+ 1]-factor. 
Remark 2. The conditions δ(G) ≥ n+13 and n ≥ 3k− 1 imply that δ(G) ≥ k. This is obviously necessary for the existence of
connected [k, k+ 1]-factors.
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